Abstract. We give new Casson-Gordon style obstructions for a two-component link to be topologically concordant to the Hopf link.
Throughout the paper we denote by H the Hopf link equipped with the orientation such that the linking number is 1, i.e. H consists of two generic fibres of the Hopf map
where S 3 ⊂ C 2 is the set of (z 1 , z 2 ) ∈ C 2 with |z 1 | 2 + |z 2 | 2 = 1 and S 2 ∼ = CP 1 . There is a rich literature on obstructions for two links to be concordant. Roughly speaking the obstructions fall into the following categories:
(1) obstructions to the components (viewed as knots) being concordant (the landmark papers being the work of Levine [Lev69] , Casson and Gordon [CG86] and Cochran, Orr and Teichner [COT03] ); (2) Milnor's µ-invariants (see Milnor [Mil57] ), in particular the linking numbers; (3) obstructions from the multivariable Alexander polynomial and the Levine-Tristram signatures (see Murasugi [Mur67] , Kawauchi [Kaw77] [Kaw78, Theorem B], Nakagawa [Nak78] and Tristram [Tri69] ); (4) twisted Alexander polynomials, twisted signature invariants and L 2 -signature invariants, where the corresponding representations factor through a nilpotent quotient (e.g. a p-group) or the algebraic closure of the link group (see Cha and Ko [CK99b, CK06] , Cha and Friedl [CF10] , Friedl [Fri05] , Harvey [Har08] , Levine [Lev94] and Smolinsky [Smo89] ); furthermore see Cha and Orr [CO09] for a closely related approach; (5) twisted Alexander polynomials and twisted signature invariants of boundary links, where the corresponding representations factor through the canonical epimorphism onto the free group (see Levine [Lev07] ); (6) by considering a prime power branched cover over one component of a link, one can view the preimages of the other components as a link in a rational homology sphere; using this reduction in the number of components one can reduce problems in link concordance to the study of 'rational knot concordance' (see CO93] , Cha-Kim [CK08] , Cha-LivingstonRuberman [CLR08] and Cha-Kim-Ruberman-Strle [CKRS10] ); (7) by doing a Dehn filling on one component one can also reduce problems in link concordance to the study of knot concordance in integral or rational homology spheres. This approach, which for example appears in Cha-Ko [CK99a] and the aforementioned [CKRS10] , is often referred to as 'blowing down along one component'. Davis [Dav06] proved a partial converse to the above obstructions: if L is a 2-component link with linking number one and such that the multivariable Alexander polynomial ∆ L ∈ Z[s ±1 , t ±1 ] equals one, then the link is concordant to the Hopf link. This result generalised earlier results by Freedman ([Fre84, FQ90] ) on knot concordance and by Hillman [Hil02] .
In this paper we will give new obstructions to a link being concordant to the Hopf link by using signature invariants corresponding to appropriately chosen metabelian representations. This approach is inspired by the classic work of Casson and Gordon on knot concordance [CG86] . Generalising their work to the setting of link concordance requires overcoming several delicate technical issues. One particularly difficult step (Theorem 2.1 in the present paper) appeared in an earlier paper by the authors [FP12] .
1.2. The linking pairing for 2-component links with linking number 1. In the following we let L be a 2-component link of linking number 1. Throughout this paper we write X = X L = S 3 \ νL, where νL is a tubular neighbourhood of L. The boundary ∂X L can be written as the union of two tori ∂X Note that we have a canonical isomorphism H 1 (X L ; Z) ≃ − → Z 2 which we will use to identify the groups. Now let ϕ : H 1 (X L ; Z) = Z 2 → A be an epimorphism onto a finite abelian group. In the following we denote by p : X ϕ L → X the corresponding covering space and we write Y Now suppose that L is concordant to the Hopf link via a concordance C ∼ = S 1 × I ⊂ S 3 × I. Denote the exterior of the concordance by E C . The inclusion maps X L → E C and X H → E C are Z-homology equivalences. Note that ϕ canonically extends to a homomorphism H 1 (E C ; Z) → A which we also denote by ϕ. In the following we denote by p : E ϕ C → E C the corresponding covering space. Before we state our first result we need to introduce one more definition. We say that a homomorphism ϕ : Z 2 → A to a finite abelian group is admissible if ϕ is given by the direct sum of two projections on each summand of Z 2 , i.e. ϕ has to be of the form Z 2 = Z⊕Z → Z k ⊕Z l . We now have the following proposition. Following the philosophy of [CG86] , we will use this proposition to show that certain metabelian representations will extend over a concordance exterior.
1.3. Definition of the invariant τ (L, χ). We define the closed manifold M L := X L ∪ ∂X L X H : an ordering and an orientation of the link components of L and H determines a canonical identification of ∂X L with ∂X H which identifies the corresponding meridians and longitudes. We say that a homomorphism ϕ : H 1 (M L ; Z) → A is admissible if it restricts to an admissible homomorphism on
We denote the corresponding finite cover by M ϕ L . Note that M ϕ H is a 3-torus. We denote the 3-torus S 1 × S 1 × S 1 by T . Let
be the Hurewicz map. Let
be the restriction of φ ′ , and define H := im φ. Note that also H ∼ = Z 3 . We pick an isomorphism
be a character which factors through Z q l for some prime q, and denote the trivial character by tr. Following Casson-Gordon, in Section 3.2, we define a Witt group obstruction
in terms of the twisted intersection form of a 4-manifold whose boundary is a finite number of copies of (M ϕ L ⊔ −T, χ × φ ⊔ tr ×ψ). 1.4. Statement of the main theorem and examples. The following is our main theorem. Theorem 1.2. Suppose that L is concordant to the Hopf link. Then for any admissible homomorphism ϕ : H 1 (M L ) → A to a finite abelian p-group A, there exists a metaboliser P = P ⊥ for the linking form
→ Q/Z with the following property: for any character of prime power order
and that δ vanishes on P , we have that
This theorem is reminiscent of 'Casson-Gordon type' obstruction theorems in the context of knot concordance, especially of the main theorem of [CG86] . The proof of Theorem 1.2 is indeed guided by the knot theoretic case coupled with the main result of [FP12] . In particular we will show that if a link L is concordant to H and if χ satisfies the conditions of the theorem, then there exists a 4-manifold
and which has trivial (twisted) intersection form.
In Section 4 we will discuss an example of a link for which our main theorem detects that it is not concordant to the Hopf link. More precisely, we start out with a 2-component link with trivial components which is concordant to the Hopf link and we then take an appropriate satellite. We then show that our obstructions detect that the resulting link is not concordant to the Hopf link, but we will see that the methods (1) to (6) listed above do not detect this fact. It is likely though that our example gets detected by first blowing down and then considering the Casson-Gordon invariants of the resulting knot. Remark 1.3.
(1) When we exhibit our example, we make use of a Maple program to calculate the homology of a finite cover of the link complement explicitly. We also use Maple to identify a curve in a link diagram, for use in a satellite construction, which lifts to a generator of the torsion part of homology.
(2) One theme of this paper is that many arguments which work in the case of knots, for constructing concordance obstructions which involve representations that factor through derived series quotients, can be extended to the case of two component links of linking number one. Extending these arguments to the case of more components or other linking numbers seems much harder. (3) It is an interesting question whether there also exists a 'CochranOrr-Teichner type' obstruction to a 2-component link being concordant to a Hopf link. Added in proof: Jae Choon Cha has recently answered this question in the affirmative: see [Cha12] . (4) We conjecture that Theorem 1.2 obstructs L from being "height (3.5)-Whitney tower/Grope concordant" to the Hopf link in S 3 × I (compare [COT03, Sections 8 and 9], [CST12] ). Added in proof: Min Hoon Kim informs us that he has confirmed the conjecture: the obstructions of this paper indeed vanish for links which are height (3.5)-Whitney tower/Grope concordant to the Hopf link. At the time of writing his paper is in preparation. (5) Blowing down is in practice a remarkably effective method for studying link concordance. Even though we do not think that one can recover Theorem 1.2 using that approach, it seems that it will be difficult to find an example of a link that Theorem 1.2 can show is not concordant to the Hopf link but for which the blowing down approach fails. (6) Whereas blowing down is rather effective as a way of obstructing links from being concordant to the Hopf link, it cannot obstruct the existence of height (3.5) Whitney tower or Grope concordances. From this point of view the conjecture in (4) would show that the obstructions of this paper are stronger than blowing down.
1.5. Organization of the paper. The paper is organised as follows.
In Section 2 we define linking forms on the torsion part of the first homology of finite covers of the link exterior, and use them to control the representations which extend over the exterior of a concordance.
In Section 3 we define the obstruction τ (L, χ) and prove Theorem 1.2. Finally, in Section 4 we construct examples of links which are not concordant to the Hopf link, and discuss the vanishing of many previously known obstructions. We conclude with a short appendix in which we prove a formula relating the homology of finite abelian covers of a 2-component link with linking number one to values of the multivariable Alexander polynomial.
Finite Covers and Linking Forms
2.1. Injectivity Result. Below we will quote a theorem from the authors' previous paper [FP12] . We will make use of this at several points in the construction of the obstruction theory. The special case that H ∼ = Z was essentially proved by Letsche in [Let00] . Our paper makes use of the case that H ∼ = Z 3 . Given a prime q, recall that a q-group is a finite group of q-power order. Let π be a group, let Q be a field and let H be a free abelian group. Representations φ : π → H and α : π → GL(k, Q) give rise to a right Z[π]-module structure on
k as follows:
Theorem 2.1. Let π be a group, let q be a prime and let f : M → N be a morphism of projective left Z[π]-modules such that
is injective. Let φ : π → H be a homomorphism to a torsion-free abelian group and let α : π → GL(k, Q) be a representation, with Q a field of characteristic zero. If α| ker(φ) factors through a q-group, then
is also injective.
A special case of this theorem applies to prove the following lemma, which allows us to control the rank of the Q-homology of finite covers of the link exterior.
Lemma 2.2. Suppose that f : X → E is a map of finite CW complexes which induces a Z-homology equivalence
Let ϕ : π 1 (E) → A be an epimorphism to a finite abelian p-group A. Let E ϕ be the induced cover and let X ϕ be the corresponding pull-back cover. Then
is an isomorphism.
Proof. We refer to [COT03, Proposition 2.10] for the details of a standard chain homotopy lifting argument, which should be applied to the relative chain complex
This argument was also given in the proof of [FP12, Proposition 4.1]. We insert into the argument, at the point where injectivity is required, an application of Theorem 2.1. We use the special case that H ∼ = {0}, q = p, Q = Q, and α : π 1 (E) → A → GL(k, Q) is given by k = |A| and the regular representation A → Aut Q (Q[A] ). This special case was of course well-known before our contribution.
2.2. Definition of linking forms. Let L be an oriented 2-component link with linking number 1. We write X = X L . Let ϕ : Z 2 → A be any epimorphism onto a finite abelian group. We will now define a non-singular linking form:
we have the Poincaré duality isomorphism.
. By the universal coefficient theorem, since torsion in the cohomology
. For the reader's convenience we now recall the proof of the following well-known claim:
Claim. Given any finite abelian group G there exists a canonical isomorphism
Let G be any finite abelian group. The short exact sequence of coefficients
gives rise to a long exact sequence of cohomology Claim. There exists a canonical isomorphism of relative homology groups:
First note that the two inclusion maps
are isotopic. We thus get an isomorphism of relative homology groups:
. To see that this isomorphism is canonical, consider the following Zcoefficient commutative diagram. 
Extending f by the identity to the rest of X ϕ L we obtain a homeomorphism, which induces the isomorphisms f on homology. The map of relative groups is also induced by the map f : note that f maps Y 
is canonical: it does not depend on choices of r or i, since their effect is restricted to a neighbourhood of the boundary of X ϕ L . This concludes the proof of the claim.
Combining the above isomorphisms yields
, Q/Z), which defines the linking form λ = λ L and shows that it is non-singular. Standard arguments show that this linking form is symmetric.
2.3. Linking forms and concordance. Proposition 2.3. Let L be an oriented 2-component link which is concordant to the Hopf link via a concordance C. We write X = X L . Let ϕ : Z 2 → A be an admissible epimorphism onto a group of prime power order. Then
Given an abelian group G we write
The main technical ingredient in the proof of Proposition 2.3 is the following lemma:
Lemma 2.4. There are isomorphisms
∧ such that the following diagram commutes:
A standard argument shows how to deduce Proposition 2.3 from Lemma 2.4. We now provide the argument for the reader's convenience.
Proof of Proposition 2.3. First note that the long exact sequence in homology of the pair (E ϕ C , X ϕ ) restricts to an exact sequence
2. This implies that the rows in the above commutative diagram are exact. Defining
, as in the statement of the proposition, we will now show that P = P ⊥ . First, let x ∈ P . By exactness there exists a
with the second equality by commutativity of the left square. If also y ∈ P , λ(x)(y) = ϑ 2 (w)(i * (y)) = ϑ 2 (w)(0) = 0, so that x ∈ P ⊥ and P ⊆ P ⊥ . Now let y ∈ P ⊥ . This implies that ∂ ∧ • λ(y) = 0. Since the lower sequence is also exact it follows that λ(y) = i ∧ (x) for some
Since the left square of the diagram commutes, we see that y = ∂(ϑ −1 2 (x)) i.e. y ∈ P . This shows that P ⊥ ⊆ P .
The proof of Lemma 2.4 will require the remainder of this section, in which for brevity we omit the Z coefficients for the homology groups.
To define ϑ 1 and ϑ 2 , we first use the analogue of the isomorphisms used to define λ. For ϑ 1 we have:
Similarly, for ϑ 2 , we have
To finish the construction of the non-singular relative linking pairings, we will prove the following two lemmas:
Assuming Lemmas 2.5 and 2.6 we use these maps to finish the construction of ϑ 1 and ϑ 2 . It is straightforward to see that the forms ϑ 1 , ϑ 2 and λ fit into a commutative diagram as postulated in Lemma 2.4. It thus remains to prove Lemmas 2.5 and 2.6.
We continue with the notation as above. We denote the two com- Lemma 2.7. Let ϕ be admissible. Consider the following diagram
Then the following hold:
(1) the diagram commutes, (2) the bottom vertical map is surjective, (3) the bottom right diagonal map is an isomorphism, (4) all top diagonal maps are isomorphisms with rational coefficients, (5) the top vertical map is rationally surjective, (6) the bottom left diagonal map is injective and an isomorphism over Q, (7) the bottom left diagonal map splits.
Proof of Lemma 2.7. It is evident that the diagram commutes and that the bottom vertical map is surjective (this is (1) and (2)). Now recall that X H is homeomorphic to a torus times an interval S 1 × S 1 × I. We denote the two meridians of H by x and y. Recall that we identified H 1 (X H ) with Z 2 such that x corresponds to (1, 0) and y corresponds to (0, 1). Let ϕ : H 1 (X H ) → A be any epimorphism onto a finite abelian group. We denote by m and n the orders of ϕ(x) ∈ A and ϕ(y) ∈ A. Lifting to the covering space induced by ϕ, and then considering
On the other hand we have im(
The latter condition in turn is satisfied if and only if ϕ is admissible. This shows that the bottom right diagonal map is an isomorphism, which is (3). Note that by Lemma 2.2 the top diagonal maps are isomorphisms with rational coefficients, which is (4). Since the bottom right diagonal map is an isomorphism over the integers, it follows by commutativity, going both ways around the diamond, that the bottom left diagonal map is also an isomorphism over the rationals, which is part of (6). It also follows by commutativity, (2), (3) and (4), that the top vertical map is surjective over the rationals, which is (5). Note note that H 1 (Ỹ b ) is torsion-free. It follows that the bottom left diagonal map is injective, which shows (6).
Finally, consider the following commutative diagram of exact sequences
Note that the right two vertical maps are isomorphisms. It is a straightforward diagram chase to see that the left hand map splits, which is (7).
For future reference we record the following corollary to Lemma 2.7.
Corollary 2.8. Let ϕ be admissible. Then we have an isomorphism
Proof. By Lemma 2.7 (7) the inclusion induced map
On the other hand it follows easily from comparing the long exact sequences of the pairs (
Proof of Lemma 2.5. The map which we claim is an isomorphism arises from restricting to the torsion part in the long exact sequence of the
By Lemma 2.2, we have that
It therefore suffices to show that
and that
is the zero map. We first consider the following Mayer-Vietoris sequence to investigate the homology of ∂E
. By Lemma 2.7 (1),(2) and (3), the map
is surjective. It then follows from the above exact sequence that
. In particular, we get an inclusion
gives rise to the following exact sequence
Since any subgroup of H 0 (X ϕ ) is torsion-free it now follows that
as required. In order to complete the proof of the lemma, we still have to show that
is the zero map. The following commutative diagram will guide us through the remainder of the proof:
Note that the two vertical sequences are exact. We start out with the following claim:
is surjective.
Note that by Lemma 2.7 (1),(3) and (6) we know that
Using the left vertical Mayer-Vietoris sequence in the above diagram and the fact that the map
) is surjective, by Lemma 2.7 (1),(2) and (3), this implies that the inclusion induced map
The claim follows from considering the long exact sequence in homology of the pair (∂E
. By the claim, we just have to show that the composition
is the zero map. Moreover, the map
so it suffices to show that the map
is the zero map. First note that the maps
, 2 in the above commutative diagram are induced by homotopy equivalences; in particular they are isomorphisms. It follows from the second vertical exact sequence that
is the zero map.
Recall that there are maps labelled as f and g in the preceding large commutative diagram.
Claim.
ker(f ) ⊆ ker(g).
Suppose that x ∈ ker(f ). Then in particular
) are isomorphisms. So indeed, using the inverses of these maps and commutativity of the bottom square, we have x ∈ ker(g). This concludes the proof of the claim.
A short diagram chase proves that the map
is the zero map. Indeed, let y ∈ H 2 (∂E
) lies in the kernel of f . Since ker(f ) ⊆ ker(g), and by the commutativity of the diagram it follows that the image of y in
. But we saw above that the map to
For the proof of Lemma 2.6 we will need the following lemma, which we will also use in Section 2.4.
Lemma 2.9. Let J = H or J = L. We write
Proof. We have the following commutative diagram.
C ) It follows from Lemma 2.7 that the two left horizontal maps are rationally surjective. We write
′ , as a subgroup of a torsion-free group is itself torsion-free. We now obtain the following commutative diagram of short exact sequences:
By the above the two groups on the left are torsion. Since F ′ is torsion-free it follows that the images of the groups on the left are precisely the torsion subgroups. We pick an isomorphism F → F ′ and a splitting
Together with the induced splitting
Proof of Lemma 2.6. Recall the statement of Lemma 2.6: the inclusion
. We apply Lemma 2.9 to the case J = H. We obtain the following commutative diagram, where the right hand column contains a portion of the long exact sequence of the triple.
We know that
by Lemma 2.2. We immediately obtain the desired conclusion from the observation that T H 1 (X ϕ H , Y ϕ a ) = 0. This is a consequence of the proof of Lemma 2.9, which shows that
Extending characters.
Proposition 2.10. Let L be an oriented 2-component link which is concordant to the Hopf link via a concordance C. We write X = X L . Let ϕ : H 1 (X; Z) = Z 2 → A be an admissible epimorphism onto a group of prime power order. Then there exists a metaboliser P ⊂ T H 1 (X ϕ , Y ϕ a ; Z) for the linking form λ L such that for any prime q and any homomorphism χ :
; Z) → Z q k and which vanishes on P , there exists an integer l k and a homomorphism H 1 (E ϕ C ; Z) → Z q l , such that following diagram commutes:
Proof. We start out with the following elementary observation: let A → B be a homomorphism between finite abelian groups and let χ : A → Z q k be a homomorphism to a cyclic group of prime power order which vanishes on ker(A → B). Then there exists an integer l k and a homomorphism χ ′ : B → Z q l , such that the following diagram
For example, this observation can be proved using the classification of finite abelian groups. Now let
. By Proposition 2.3 this is a metaboliser of the linking form λ L . Now let χ be as in the statement of the lemma. We apply Lemma 2.9 to J = L. We write
and we obtain the following commutative diagram
Note that since χ vanishes on P , we can apply the above observation to 
complete the diagram as required.
For a two-component link L of linking number 1, we define the closed 3-manifold M L to be given by the union
of the exterior of L and the exterior of the Hopf link glued together along their common boundary ∂X L = ∂X H , respecting the ordering of the link components and identifying each of the subsets
Proof. Consider the following exact sequence which arises from the Mayer-Vietoris sequence:
. We make the following claim.
Claim.
ker
We now turn to the proof of the claim. Let π : Y ϕ → Y be a finite covering: there are induced maps π * :
, and transfer maps t * :
To prove the claim, we consider the following commutative diagram:
Suppose that we have
In the base spaces, we have that ker f = ker g, with both kernels generated by [µ 1 − λ 2 ] and [µ 2 − λ 1 ], where µ i , λ i is the meridian and longitude of the link component i. Since the right hand square with down arrows is commutative, we see that
We write y := (π * ⊕ π * )(x). Since the left hand square is commutative with up arrows, we have that
We then observe that for tori such as ∂X
is given by multiplication by p α for some α 0, which may depend on
We have that the image h(x) of x in H 1 (X ϕ L ) is either p-primary torsion, or is zero. To prove the claim we therefore wish to show that the latter case always holds. We therefore proceed to show that there is no p-
. We make use of the universal coefficient theorem and the fact that H 0 ((∂X Suppose that L is concordant to H with concordance C. The exterior E C of the concordance is a 4-manifold with boundary X L ∪ (∂X H × I) ∪ X H . We can glue E C and X H × I together along the ∂X H × I components of their boundaries to define the manifold
glued in such a way that W C is a 4-manifold with boundary
For J = L, H we have the following diagram with exact rows given by Mayer-Vietoris sequences with Z coefficients and vertical maps induced by the inclusion maps:
We already know that the vertical maps, except possibly the maps H i (M J ) → H i (W C ), are isomorphisms. But the 5-lemma then implies that the maps
We also call such homomorphisms admissible and we denote the corresponding cover of M L by M ϕ L . Using the isomorphism on first homology H 1 (M L ; Z) ≃ − → H 1 (W C ; Z), the map ϕ extends to maps ϕ : H 1 (W C ; Z) → A and H 1 (M H ; Z) → A.
We can therefore define the corresponding covering spaces, which we denote by W ϕ C and M ϕ H . Proposition 2.12. Let L be an oriented 2-component link which is concordant to the Hopf link via a concordance C. Let ϕ : H 1 (M L ; Z) → A be an admissible epimorphism onto a group of prime power order. Suppose that we have a character χ :
In other words, the map which is represented by the dotted arrow in the following commutative diagram exists.
Proof. We consider the exact Mayer-Vietoris sequence:
. We apply the same argument as in the proof of Lemma 2.11, noting also that the inclusion induces isomorphisms
and therefore isomorphisms
This means that we also have no p-primary torsion in H 1 (E ϕ C ; Z), so the same argument with the transfer maps does indeed apply to show that the Mayer-Vietoris sequence becomes
We have the commutative diagram:
Choosing a splitting map Z → H 1 (M ϕ L ) for the top row induces a splitting of the bottom row by commutativity, so that we have:
We then see that a character which extends from
, which completes the proof.
3. Obstructions 3.1. Preparation. We quote the following proposition, again from [FP12] . This is a consequence of Theorem 2.1, which comes from the same paper, and it will be used in key places in the construction of our obstruction theory. For our applications we will take H ′ to have rank 3, and A := Z p α ⊕ Z p β .
Proposition 3.1. Let q be a prime. Suppose that S, Y are finite CWcomplexes such that there is a map i : S → Y which induces an isomorphism
′ be a homomorphism to a torsion-free abelian group H ′ and let ϕ : π 1 (Y ) → H ′ → A be an epimorphism onto a finite abelian group which factors through φ ′ . Let Y ϕ be the induced cover of Y , let φ : π 1 (Y ϕ ) → H ′ be the restriction of φ ′ , let H ⊆ H ′ be the image of φ, and let α ′ : π 1 (Y ϕ ) → GL(d, Q) be a d-dimensional representation to a field Q of characteristic zero, such that α ′ restricted to the kernel of φ factors through a q-group. Define S ϕ to be the pull-back cover
We now set the stage for the definition of our invariant. Let L = L 1 ∪ L 2 be a two-component oriented link with lk(L 1 , L 2 ) = 1. Choose a homomorphism
onto a free abelian group of rank 3. Choose a prime p, a p-group A = Z p α ⊕ Z p β for integers α, β, and an admissible homomorphism
and let H ⊆ H ′ be the image of φ. As a finite index subgroup H is also free abelian of rank 3. Finally, we choose a homomorphism
where q is a prime and k 1 is an integer. In this section, we proceed as follows. We will define an invariant of the isotopy class of L, τ (L, χ) := τ (L, φ ′ , ϕ, χ), as a Witt class of a certain combination of intersection forms on a 4-manifold W whose boundary is a collection of copies of M L ⊔ −M H . We will then show that our invariant is well-defined, in that it does not depend on the choices we make to initially define it. Our main theorem is then that this invariant gives concordance obstructions for certain judicious choices of the representation χ.
Definition of τ (L, χ).
Note that X J , for J = L, H, is an irreducible 3-manifold. It is well-known that the result of gluing two irreducible 3-manifolds along incompressible tori is again irreducible. It follows that M L is also irreducible.
The homomorphism φ :
for all i. Since covering maps induce isomorphisms on homotopy groups, by the Papakyriakopoulos sphere theorem and the fact that
First note that the map
. Both M L and T have the same cup product structure with Z coefficients, which easily implies that
is an isomorphism. By the universal coefficient theorem and Poincaré duality,
Similarly, T H 2 (T ; Z) ∼ = 0. This implies, again by the universal coefficient theorem, making choices of fundamental classes [M L ] and [T ] , that
and
The representation φ ′ therefore induces an isomorphism
We then restrict to the finite index subgroups
The transfer maps induce isomorphisms
where we denote by T ϕ the corresponding finite cover of T , which is nonetheless abstractly homeomorphic to T . We thus induce an isomorphism
. This concludes the proof of the claim. Now let T := S 1 × S 1 × S 1 be the 3-torus. It follows from the above claim that there exists an isomorphism ψ :
We now follow the Casson-Gordon program [CG86] for defining obstructions. We first have the following claim:
Claim. There exists an integer s 0 and a 4-manifold W with a representation κ × Φ : π 1 (W ) → Z q k × H and an orientation preserving homeomorphism I :
such that, restricted to each component of the boundary,
where tr is the trivial homomorphism.
. By the Atiyah-Hirzebruch spectral sequence,
By the Künneth theorem,
By (1), the orientations are such that the image of
Therefore M L ⊔ −T , with the representations, is q-primary torsion in Ω 3 (Z q k × H). This concludes the proof of the claim.
We choose an inclusion Z q k ֒→ S 1 ⊆ C. Then, using the composition of ring homomorphisms
where ξ q k ∈ S 1 ⊆ C is a primitive q k -th root of unity, we can define the twisted intersection form λ Q(ξ q k )(H) to be the non-singular part of the middle dimensional intersection form on H 2 (W ; Q(ξ q k )(H)). If we also consider the non-singular part of the ordinary intersection form λ Q on rational homology, we obtain another intersection form, which we can also consider as a form of Q(ξ q k )(H)-modules by tensoring up via the inclusion Q → Q(ξ q k )(H). We define τ (L, χ) to be
We first show that τ (L, χ) is well-defined. As usual when defining such invariants, the following lemma simplifies several key arguments. In particular, it implies that the intersection form λ Q(ξ q k )(H) (W ) is nonsingular on the whole of H 2 (W ; Q(ξ q k )(H)). When J = L we use α ′ = χ and when J = H we use the trivial representation for α ′ .
Lemma 3.2. Let p, q be primes. For any two-component link J with lk(J 1 , J 2 ) = 1, with an isomorphism
′ → A to a finite abelian p-group, and a representation
we have that
, where ξ q k is a primitive q k th root of unity.
Proof. Since the linking number is 1, the inclusion maps ∂X 1 J → X J are Z-homology equivalences. We wish to apply Proposition 3.1 with S = S 1 × S 1 to see that
In order to apply Proposition 3.1, we need to note that Z[ξ q k ] is a domain, so the cyclotomic field Q := Q(ξ q k ) is a field of characteristic zero, and that α ′ factors through a q-group. The Mayer-Vietoris sequence of M Proof. To see that the object τ (L, χ) as defined is independent of the choice of 4-manifold W , and so is an invariant, we need, by Novikov additivity for the rational intersection form and by Lemma 3.2 for twisted coefficients, to see that for a closed manifold
coincide. This follows again from the Atiyah-Hirzebruch spectral sequence. More precisely, this follows from the argument of [Cha10, Lemma 2.1], the only difference in our case is that H 4 (Z q k × H) is not zero, but is a finite q-group, and Cha's argument thus implies that
Therefore, modulo q-primary torsion, the twisted intersection form of V is Witt equivalent to the ordinary intersection form of V . The obstruction does not depend on the choice of isomorphism ψ : π 1 (T ) → H: simply choose a different orientation preserving selfhomeomorphism of T corresponding to the difference in two choices ψ and ψ ′ , and glue a product cobordism onto W for each copy of T in ∂W , using the new homeomorphism at the new boundary. We are using here the fact that any element of SL(3, Z) can be realised by a homeomorphism of T , since T ∼ = R 3 /Z 3 .
3.3. Main obstruction theorem. In order to prove Theorem 3.5 below, we will need the following lemma to justify having taken the trivial character on π 1 (T ) to define τ (L, χ).
Lemma 3.4. There is a cobordism of q l copies of the 3-torus T with any character χ : π 1 (T ) Figure 1 , to q l copies of T with the trivial character, with an isomorphism ψ : π 1 (T ) → H extending over W χ . Moreover W χ has trivial intersection form both with Q(ξ q l )(H)-coefficients twisted using the extensions of ψ and χ, χ × ψ : π 1 (W χ ) → Z q l × H, and with rational coefficients.
Proof. First note that S 1 with a trivial character (S 1 , tr) is cobordant on the one hand to q l copies of S 1 , again with a trivial character, via a cobordism V tr . On the other hand, (S 1 , tr) is also cobordant to q l copies of S 1 with the same non-trivial character χ : π 1 (S 1 ) → Z q l on each copy, via a cobordism V χ . If we glue together V tr and V χ , and cross the resulting cobordism with S 1 × S 1 , we obtain a cobordism from q l copies of T to itself, with any character changed to the trivial character on the first
That is, we define
W χ is just a union of several pairs of trousers (pants), crossed with a torus. Part of the definition of a cobordism W χ is a collection of homeo-
l , of ∂W χ with the non-trivial character associated to it. We pick a homeomorphism, which we use for each i = 1, . . . ,
We therefore only need to change the character on one S 1 component of T in order to arrive at the trivial character associated to (∂W χ ) i for i = q l + 1, . . . , 2q l . This is precisely what W χ achieves. Since W χ is a union of pairs of trousers, crossed with a torus, and since we have the same isomorphism ψ : π 1 (T ) ≃ − → H for each copy of T at the end of the cobordism with non-trivial character, then ψ extends over W χ . If we require a different isomorphism ψ at the end of W χ with trivial character, then, as in Lemma 3.3, we can glue on a product cobordism to each of the copies (T, tr ×ψ) ⊂ ∂W χ , of T with the trivial character, using a different self-homeomorphism of T .
The map H 2 (∂W χ ) → H 2 (W χ ) is surjective. The non-singular part of the intersection form on H 2 (W χ ) is therefore trivial. On the other hand, we have by the Eckmann-Shapiro lemma, that
but the last group is zero since V χ ∪ S 1 V tr is homotopy equivalent to a 1-complex. It thus follows that the twisted intersection form on W χ is also trivial.
The following is our main obstruction theorem. Note that we use the inclusion Q(ξ q k ) ֒→ C in order to obviate dealing with the complications which arise from requiring higher prime powers to extend a character over a 4-manifold.
Theorem 3.5. Suppose that L is concordant to the Hopf link. Then for any admissible homomorphism ϕ : H 1 (M L ) → A to a finite abelian p-group A, for a prime p, there exists a metaboliser P = P ⊥ for the linking form
Proof. As above let E C be the exterior of the concordance. The conclusion regarding the Q/Z-valued linking form was Proposition 2.3: a metaboliser is given by
). Let χ satisfy the conditions set out. As in Section 2.4, let W C := E C ∪ X H × I. By Propositions 2.10 and 2.12, we see that our character extends from π 1 (M ϕ L ) to π 1 (W ϕ C ), if we allow it to take values in Z q l for a potentially higher prime power: l k. We include Q(ξ q k ) ⊂ C so that our characters always extend.
Using the inverse of the inclusion induced isomorphism H 1 (M L ; Z)
Since both χ and φ extend to W ϕ C , we can now use (W ϕ C , χ × φ) to calculate τ (L, χ).
As χ extends to π 1 (W ϕ C ), it also restricts to a map χ :
. We need to know that for any character on π 1 (T ) ∼ = Z 3 , there is a cobordism from q l copies of (T, χ) to q l copies of (T, tr), since we used the trivial character to define τ (L, χ). This cobordism W χ was described in Lemma 3.4. We take q l copies of W C , and glue them to W χ : this gives us a cobordism from 
Here we also use the conclusion of Lemma 3.2, so we are really applying Proposition 3.1 twice. Trivial homology groups necessarily carry Witt trivial forms; the rational intersection form is also trivial since
as claimed, since C is flat over Q(ξ q l ).
4. Examples 4.1. Signature invariants. Let H be a free-abelian group. In this section we will show how to recognise non-trivial elements in L 0 (C(H)). Let P be a Hermitian matrix over C[H]. Let η : H → S 1 be any character. Note that η gives rise to a ring homomorphism C[H] → C.
We denote by η(P ) the Hermitian matrix over C obtained by applying the above ring homomorphism to all entries of P . We can then consider the signature sign(η(P )) of the matrix η(P ).
Let τ ∈ L 0 (C(H)). We represent τ by a Hermitian matrix P over C[H] and we define
where we equip the torus Hom(H, S 1 ) with the Haar measure.
Lemma 4.1. The real number σ(P ) is independent of the choice of P representing a given τ ∈ L 0 (C(H)).
Before proving Lemma 4.1, note that it allows us to define an invariant σ(τ ) := σ(P ) for some choice of representative P of τ .
Proof of Lemma 4.1. Since σ is additive it suffices to show that σ :
. Let P and P ′ be two Hermitian matrices over C[H] which represent τ . We let
and given n ∈ N we denote by nB the diagonal sum of n copies of B. It is well-known that there exist n and n ′ such that P ⊕ nB and P ′ ⊕ n ′ B are congruent over C[H], i.e. there exist matrices Q, Q ′ over C[H] with non-zero determinant, such that
A priori the conjugation matrices Q are over C(H), but only one is required. We need two matrices Q and Q ′ here in order to ensure that both are over C[H] rather than C(H). A straightforward calculation shows that sign(η(P )) = sign(η(Q(P ⊕ nB)
for all η such that det(η(Q)) = 0 and such that det(η(Q ′ )) = 0. Put differently, we have sign(η(P )) = sign(η(P ′ )) for all η ∈ Hom(H, S 1 ) outside a set of measure zero.
4.2. The satellite construction. Let L be a link, let K be a knot and let γ ⊂ X L be a curve which is unknotted in S 3 . Define X K := S 3 \νK. We form the space
where θ : ∂(S 3 \ νγ) → ∂X K is a homeomorphism which sends the meridian of γ to the zero-framed longitude of K and the zero-framed longitude of γ to a meridian of K. The image of L is the satellite link S(L, K, γ). When L, K and γ are understood, then we just write S = S(L, K, γ).
Note that the canonical degree one map S 3 \νK → S 1 ×D 2 gives rise to a canonical degree one map S 3 \ νS → S 3 \ νL. Let ϕ : H 1 (X L ; Z) → A be an epimorphism onto a finite group. We denote the induced homomorphism H 1 (X S ; Z) ∼ = − → H 1 (X L ; Z) → A by ϕ as well. We now have the following lemma, which says that in many cases the satellite construction has no effect on the homology of finite covers or on the linking form.
Lemma 4.2. Let L, K and γ be as above such that in addition γ is null homologous. Let ϕ : H 1 (X L ; Z) → A be an epimorphism onto a finite group. Then the canonical degree one map X S → X L induces an isomorphism
) and the linking form of Section 2.2 is preserved.
Proof. We write k = |A|. Since γ is null homologous, it lifts to curves
We now refer to the argument of [Fri03, Lemma 10 .3], the ideas of which originate from [Lit84] . This argument carries over to our situation with translation of notation, and noting that
) by the five lemma, and the fact that the boundary of X S is the image of the boundary of X L in the satellite construction.
The key technical advantage of the satellite construction is that it allows us to calculate σ(τ (S, χ)) in terms of τ (L, χ) and the LevineTristram signatures of K. Recall that given any knot K and ω ∈ S 1 the Levine-Tristram signature σ(K, ω) ∈ Z is defined and that it can be calculated using any Seifert matrix of K. It is well-known that σ(K, ω) = 0 for any slice knot K and any prime power root of unity. We refer to [Lev69] and [Tri69] for details.
The following theorem can easily be proved using the ideas and methods of Litherland [Lit84] ; see also [Fri03, Theorem 10.5 ]. Similar results have been obtained by many authors over the years, and we will therefore not provide a proof.
Theorem 4.3. Let L be a 2-component link with linking number one and let γ be a null-homologous curve in S 3 \νL which is unknotted in S 3 .
Let K be a knot. We write S := S(L, K, γ). Let ϕ : H 1 (X L ; Z) → A be an epimorphism onto a finite group of order k and let
be a character and let φ :
) → H be an epimorphism onto a free abelian group of rank 3. Suppose that γ lifts to γ 1 , . . . γ k . Then
We consider the link L depicted in Figure 2 . Note that L is concordant to the Hopf link via a ribbon move. It has non-trivial multi-variable Alexander polynomial ∆ L (s, t) = (ts + 1 − s)(ts + 1 − t), which we computed using a Wirtinger presentation of the link group and the Fox calculus. We take ϕ to be the admissible homomorphism given by two pro-
Using the theorem in the appendix we can calculate that T H 1 (X ϕ L , Y ϕ a ) of order 9. In fact we have a Maple program which calculates the homology explicitly. It starts with the Wirtinger presentation of π 1 (X L ), and uses it to construct the boundary maps in the chain complex C * (X ϕ L ; Z), by using the regular representation at the end of the composition: By doing row and column operations simultaneously on matrices representing the boundary maps ∂ 2 : C 2 → C 1 and ∂ 1 : C 1 → C 0 , we directly compute that H 1 (X ϕ L ; Z) ∼ = Z 9 ⊕ Z ⊕ Z, which by Corollary 2.8 implies that:
Using our Maple program we augment the matrix representing ∂ 1 with an identity matrix, whose task is to keep track of the basis changes. With this extra information we can relate a generator of the Z 9 summand of T H 1 (X ϕ L , Y ϕ a ) to our original Wirtinger generators, which we understand geometrically and can exhibit in the diagram of L. Using this approach we obtain the curve γ in Figure 3 which has the following three properties:
(1) γ represents a generator of Claim. Let K = 3 1 be the trefoil knot. Then S = S(L, K, γ) is not concordant to the Hopf link.
Proof. Recall that the degree one map X S → X L induces an isomorphism H 1 (X S ; Z) → H 1 (X L ; Z). We denote by ϕ the induced homomorphism H 1 (X S ; Z) → Z 2 ⊕ Z 2 . Since γ ⊂ X L is null-homologous it follows from the previous section that the induced map
is an isomorphism and in fact this map induces an isometry of linking forms. Note that any form Z 9 × Z 9 → Q/Z has a unique metaboliser. Now let χ : 
where
. Furthermore note that any ω i is a third root of unity, and moreover at least one ω i is a non-trivial third root of unity since γ represents a generator of
It is wellknown that σ(K, 1) = 0 and σ(K, e ±2πi/3 ) = 2. We thus see that σ(τ (S, χ)) = 0.
4.4.
Comparison with previous invariants. We now slightly modify the example of the previous section. By the proof of [Fri04, Proposition 7.4] there exists a knot K such that z∈S 1 σ(K, z) = 0 but such that σ(K, e 2πi/3 ) = 12 and σ(K, e 4πi/3 ) = 12. We denote by S the satellite link which is constructed as in the previous section, with the sole difference that we replace the trefoil knot by the knot K. The argument of the previous section shows that our obstruction detects that S is not concordant to the Hopf link.
We will now quickly discuss the earlier obstructions to link concordance which are known to the authors. The enumeration here does not correspond exactly with the enumeration of link concordance obstructions which appears in the introduction.
(1) The components of S and H are trivial knots, in particular components of S do not give rise to non-trivial concordance obstructions. (2) The linking number of the two components of S is 1, which is the same as the linking number of the Hopf link. Note that for non-trivial linking numbers the higher Milnor µ-invariants are not defined; in particular they do not give further concordance obstructions. 
is a Seifert surface for S. One can easily see that the corresponding Seifert matrices for L and S agree. Since L is concordant to the Hopf link it is now straightforward to see that the link concordance obstructions of Tristram [Tri69] are satisfied. (5) Let T be one of the two boundary components of X S . It follows from Stalling's theorem (see [Sta65] ) applied to the homology equivalence T → π 1 (X S ), that any epimorphism from π 1 (X S ) onto a nilpotent group (in particular a p-group) factors through the abelianisation of π 1 (X S ). It follows from standard arguments that all the twisted Alexander polynomials of S corresponding to representations factoring through groups of prime power order are in fact determined by ∆ S . Since ∆ S factors as a norm over Z[s ±1 , t ±1 ] it is now straightforward to verify that the link concordance obstruction of [CF10] vanishes. (6) The fact that π 1 (X S ) has no non-abelian nilpotent quotients also implies that the signature invariants by Cha and Ko [CK99b, CK06] , Friedl [Fri05] , Levine [Lev94] and Smolinsky [Smo89] are determined by signature invariants corresponding to abelian representations. The results of Litherland [Lit84] can easily be modified to show that such signature invariants of S agree with the corresponding signature invariants of L, which do not give any obstructions to being concordant to H, since L is concordant to H. 
The preimage of L 2 under the projection map Y → S 3 consists of one component which we denote by J (here we use that the linking number is one). If k is a prime power, then Y is a rational homology sphere. If L is concordant to the Hopf link and if k is a prime power, then it is straightforward to see that J is rationally concordant to the unknot. One can therefore apply the obstructions of a knot being rationally concordant to the unknot. Such obstructions are given by Levine-Tristram signatures (see Cha and Ko [CK02] ) and by Cochran-Orr-Teichner type Von Neumann ρ-invariants (see [Cha07] , [COT03] ). In our case it is straightforward to see that the preimage of one component of the satellite link is the satellite of a slice knot such that the infection curve is null-homologous. It follows from standard arguments (see above) that the Levine-Tristram signatures are zero. Finally, since also z∈S 1 σ(K, z) = 0, it follows that the obstructions of [Cha07] cannot be used to show that the knot is not rationally slice.
(9) As mentioned in the introduction, blowing down along one of the link components yields a knot in S 3 to which we can apply knot concordance obstructions, not just rational concordance obstructions (see [CKRS10, Corollary 2.4]). It seems likely that Casson-Gordon obstructions of this knot will also obstruct S from being concordant to the Hopf link. In our example, blowing down L along the left hand component in the diagram (Figure 3) yields the slice knot 6 1 . The 2-fold branched cover of S 3 along 6 1 , which we denote by L 6 1 2 , has homology H 1 (L 6 1 2 ; Z) ∼ = Z 9 , so we also take a non-trivial character χ : Z 9 → Z 3 . Keeping track of the curve γ, one then needs our character on H 1 (L 6 1 2 ; Z) to map the image of γ to a non-zero element of Z 3 . One way to check that this is possible would be to use our methods of the previous section; we have not done the calculation. Litherland's formula [Lit84] for Casson-Gordon obstructions would then show that they do not vanish, thus giving another proof that S is not concordant to H.
In our obstruction theory, we make use of the fact that H has rank greater than one when we take finite covers using maps ϕ : H 1 (X L ) → A which are non-trivial on the meridians of both link components. In order to make use of the full power of our obstruction theory, we need an example which also makes use of the fact that H has rank greater than one in the non-triviality of the Witt class τ (S, χ) i.e. the fact that we define an obstruction in L 0 (C(H)) and not just in L 0 (C(t)). Such examples do not arise from satellite constructions.
Added in proof: On the other hand, as mentioned in the introduction, Min Hoon Kim informs us that he has verified the conjecture that the obstructions of this paper vanishes for links which are height (3.5) Whitney tower/Grope concordant to the Hopf link. Therefore our satellite links are not height (3.5) concordant to the Hopf link, but the blow down technique cannot be used to prove this.
Appendix: Homology of finite abelian covers
It is well-known that the order of the homology of a cyclic cover of a knot complement can be computed from the Alexander polynomial. More precisely, let K be a knot, let ∆ K (t) ∈ Z[t ±1 ] be its Alexander polynomial, let n ∈ N and denote by X n K the n-fold cyclic cover of X K . Then Fox [Fox56] (see also [Web79] and [Tur86, Section 1.9]) showed that H 1 (X n K ) ∼ = Z ⊕ G, where G is a group which satisfies (2) |G| = n−1 k=0 ∆ K (e 2πik/n ).
Here we denote by |G| the order of G. We use the convention that |G| = 0 if G is infinite.
In general a naïve extension of the above formula to the case of finite abelian covers of links does not hold. We refer to [MM82] , [Sak95] , [HS97] and [Por04] for results relating the size of the homology of finite abelian (branched) covers of link complements to evaluations of the multivariable Alexander polynomial and its sublinks.
In this paper we are only interested in 2-component links with linking number one. One of the guiding themes of this paper is that such links share many formal properties with knots, in particular many statements about abelian invariants of knots can be generalised fairly easily to such links. In this appendix we will give an elementary proof that the analogue of (2) holds in our case.
Before we state our theorem we have to fix some notation. Let L be an oriented 2-component link. We denote by s and t the canonical elements in H 1 (X L ; Z) corresponding to the meridians. If ϕ : H 1 (X L ) → A is a homomorphism and η : A → S 1 a character, then we can consider η(ϕ(s)) ∈ S 1 and η(ϕ(t)) ∈ S 1 . We now have the following theorem. ∆ L (η(ϕ(s)), η(ϕ(t))).
Here ∆ L (s, t) denotes the Alexander polynomial of L.
Proof. We can view X L as a finite CW complex. We denote by Y one of the two boundary components of X L . We can collapse X L onto a 2-complex X which contains Y and such that all 0-cells lie in Y . We denote by r the number of 1-cells in X \ Y . Note that the Euler characteristic of X and Y is zero; it follows that the number of 2-cells in X \ Y also equals r. Furthermore note that the inclusions also induce isomorphisms H 1 (Y ; Z) → H 1 (X; Z) → H 1 (X L ; Z). Note that the boundary map
is represented by an r × r-matrix P . Furthermore note that by definition of the Alexander polynomial, and since
we have det(P ) = ∆ L . Now let ϕ : H 1 (X L ; Z) → A be an epimorphism onto a finite abelian group. We write k = |A|. We denote the resulting epimorphism H 1 (X; Z) ∼ = H 1 (X L ; Z) where the boundary map is presented by ϕ(P ). We now pick an isomorphism Z[A] → Z k of free Z-modules. Note that the action of H 1 (X L ; Z) on Z[A] given by ϕ and by left multiplication of A on Z[A] gives rise to a representation H 1 (X L ; Z) → GL(k, Z), which we also denote by ϕ. Note that this map extends to a ring homomorphism Z[s ±1 , t ±1 ] → Z[H 1 (X L ; Z)] → M(k, Z) which we also denote by ϕ. Finally we denote by ϕ(P ) the kr × kr-matrix over Z given by applying the above ring homomorphism to each entry of ϕ(P ). It follows from the above, that
It is well-known that for any finite abelian group B the regular representation B → Aut(C[B]) = GL(|B|, C) is conjugate to the representation which is given by the direct sum of all characters η : B → S 1 . It now follows that |H 1 (X, Y ; Z[A])| = det(ϕ(P )) = η∈Hom(A,S 1 ) det(η(P )) = η∈Hom(A,S 1 ) η(det(P )) = η∈Hom(A,S 1 ) η(∆ L (s, t)) = η∈Hom(A,S 1 ) ∆ L (η(s), η(t)).
